Chapter 1

Negative numbers representation

81. Complement and its calculation
81.1. Concept of complement

e Complement of a digit

r = radix
d, €{0.1,...,(r-1)}
d=(r-1)-d

e Example
r=10

c{ol,...9)

d:9 d
d=7
d=9-7=2

e 1’ s complement of a number (radix complement)
N(n,m)
N=d d_,..dd.dd,..d_
d, €{0,,....(r -1)}
N=d _, -r""+d _,-r"?+...+d -r'+
+d, - r’+d,ort+.4d_ or "
N = (r” - N)modl’n
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(1.1.1)

(1.1.2)

(1.1.3)

Example

r=10

d, €{0,1,....9}

N(3,2)

N =327.45

N =10% —327.45 = 672.55

Property

r = radix
N (n,m)
N ( N)mod r"

N)=N

—~

(N)= ( )modr”)z
=(r ~(r"=N)mod r”)mod r"=N

(r-1)’s complement of a number (diminished radix
complement)

N(n,m)
d, €{0,,....(r =1)}
N=d _ ..ddd, ..d_

N=r"-N-r™"

Example

r=10
d, €{0,1,....9}

N(3,2)

N =327.45

N =10°-327.45-102 =

=1000 —327.45-0.01 = 672.54
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(1.1.4)

(1.1.5)

(1.1.6)

(1.1.7)



e Property

N(n,m) (1.1.8)

e Property
r = radix
N(n,m)
N=(r"-N) (1.1.9)
N=r"—=N-r™
N=N+r™"
N=N-r™ } (1.1.10)

81.2. Methods for complement calculation

1.2.1 Radix 10

1. 10’s complement

N, (n,m)=d, ,...... dd,d...... d_.

e a) According to definition:
— (1.1.1)
N = (10" = N)mod10" }

e Example:
nN=3, mM=0
N =371
N =(10° =371)mod10° =
= (1000 —371)mod 1000 = 629

e Example:
N,, =35.4700

WL
N,, =64.5300

e ¢) Based on the general property
N =N, +r7
Ifr =10, then
N, = N=10 +107"
Add “1” to the rightmost position of the 9’s
complement representation.

2. 9’s complement

e a) According to definition



1.2.2 Radix 2

o Example:
N,,(3,2) 1. 2’s complement
E =325.49 (122) e According to definition
N, =10° —325.49-107 = N,(n,m)=b, ,......... bb, b, ..ot b, oL
=1000—325.49 — 0.01 = 674.50 N,=2"-N or 0-N a
. . 2" =1[00 e 0(3] 212
e Db) According to the following rule: (n){% _1¥n- 2). 10 A
Nop=0d, i, dod | eeeeiiinnnne. d.,,
x / X‘ v (1.2.3) e b) According to the following rule:
— N,(n,m=b, ,......ob, b, ....cc...... b,
N, =09- . 9- — ..9-
w=0-d_)..0-d,J9-d_)...0-d_,) N,= BBy b o b b, 0.0
e Example: l l l l l l l (2.1.3)
N, (3,2) N, =(1-b, ,).(1-b, N1-b,).(1-b ., 2~b, )0..0
N, =325.49 b, #0
_° (1.2.4) -
Ny, =(9-3)9-2)9-5)(9-4)9-9)
67450 o Example:
- ' N2 (374)
N, =1 0 1. 1 1 0 0
2.1.4
(-ni-oji-na-ne-n "
According to th 1 t —
e 0©) ﬁccor |1\l_ng 0 7: general property } s N, =0 i 0. 0 { 0 0
r — r — r L.
If r =10. then e ¢) According to the general property
N=10=N_10_10—m (1.2.6) N, =N, +r" (2.1.5)
Subtract “1” from the rightmost position of the 10’s Ifr=2. then
complement representation. _
N,=N,+2™" (2.1.6)

Add “1” to the rightmost position of the 1’s
complement representation.
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2. 1’s complement 82. Special codes for negative numbers representation

e a) According to definition 82.1. General formulation of the problem
N,(n,m)y=b,,......... (o8 PP b, . _ _
S . A general numbering system with radix r:
N,=2"-N,-2" or 0-N,-2" [(@.21) r = radix > 1

e b) According to the following rule: % < {al o a”} (2.1.1)

a,=a, +(r-1)
2.2.2) 0 must be considered in the set {a,...... a,}

. Range of integer representable numbers on m positions:

N, =(-b, )..0-B,Ji1-b.)..0-b,,) e ) |

It results that each bit of N, is complemented,

since b, =1-h, }(2.2.3) \ }
|

\
v N \ (2.1.2)
weight & of the msd Isd

\
i Nmin

e Therefore:

N, =b, , b, ,..0p b,..0,

(2.2.4)

o Example:
N,(3.4)
N, =101.1101

(m-1) 0 b (2.1.3)

al al ces al
(2.2.5) )

N, =1011101 = 010.0010

m+1

N, =a-6+a-6-r'+..+a. -6-r" =

. ' I—r™ (2.1.4)
e ¢) A=ccord£1g to t_hme general property: —a,-5- (1 wrtg ™ )= a .5 _
Ne=Nr—r (2.2.6) l-r
\
Ifr :2, then b N max
N, =N, -2 227
: g . y (2.27) (m-1) 0 | (2.1.5)
Subtract “1” from the rightmost position of the
2’s complement representation a, [a, | - a,
J
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-m+l __

eN_ =a-d+a, -5-r'+..+a,-35r
I-r™"
1-r!

—a,-0-(l+r'+.+r™)=a .5
Analysis of the sign:
l-r-
I-r”
r>1

m

>0 . Sign of {N_. ,N_ _ }depends
on the sign of @, anda,

Symmetry condition
a, =-a

Therefore only odd radices would comply:
B, = {~1,0,+1}

n

B, = {~2,-1,0,+1,+2}

In practice, the even radices are used, like:
B, = {0, 1}
Bw=1{0,1,2,3,4,5,6,7,8,9}

Conclusion: )
Natural representations are not possible, thereby
necessity of special codes, with extra positions to
identify the sign.

Three major types of special representations (codes):

» 1. Sign-Magnitude / Direct Code

» 2.Radix Complement /Two’s Complement Code/
/ Complementary Code

» 3. Diminished Radix Complement / Inverse Code
/ One’s Complement Code/

(2.1.6)

2.1.7)

2.1.8)

L (2.1.9)

(2.1.10)
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82.2. Sign Magnitude representation

SM or Direct Code

Additional position containing the sign bit (b ):
ifN>0 —»b =0
ifN<0 —» b, =1

b, without weight, therefore placed in any position
N(n,m)

IN| =D, 5 ..oobyb by = > B2

Ebiz‘

> +|N| =0

> N[> 13 b2
-m
e Example:
IN|=110.011
+|N|=0]110.011
~IN|=1l110.011

If N is a fractional number:

Then:
-1
> +|N|>0 D b2

(2.2.1)

(2.2.2)

(2.2.3)

¥(2.2.4)

>(2.2.5)

J

}(2.2.6)

2.2.7)



e Representation of 0:

e Range of representation:

positive
region

negative
region

\

\

> clean zero: 0" —0/00......0.00......0
—_— ——
n m
2.2.8)
> dirty zero: 0~ —1)00......0.00......0
n m
4+
FIN,. =0l 111 1>+2"—2™") \
| + TT
| ‘
T Distance d = 2—m
N, =000...000...1—>+27"
Lo, 08..0
40" —0/00...0.00...0
0" —100...0.00...0
$ Npw =100...000...1 > 27" (2:29)
| | — TT
CINL =11 > 2" =2
]
v —® n

m J

82.3. Two’s Complement Representation

2.3.1 General considerations

N(n,m) N=2"-N
e Sign bits with weight
e In case of negative numbers — the magnitude
represented in two’s complement code. (3.1.1)
e Three variants: variant 1, variant 2, variant 3.

2.3.2 Variant 1
* N(n’m), r=2
* |N| = bn-lbn—z """" bo ' b_] ...... b—m =
= bn-l 2 bO .20 —I—b_1 o L b—m .o m (3.2.1)

b, = sign bit with weight J

e J,=-2" — The weight of the sign bit is negativelL (3.2.2)

General representation of = N

n-1 . .
N =hb(-2")+ Y b2 =b (-2")+N (3.2.3)
where: _
. if N>0—b, =0 and N is represented in direct
code (3.24)

> N=0-(27)+ S

i=—m



if N<0—b,=1and N is represented in two’s

complement code N

> N=1.(-2")+ ib 4

) (329)

Two's complement of N* J

In case of fractional numbers, N =0

|N| = ibif , b, in position 0
IN| > 0(-2°)+ 3 b2

"
—IN[>1(=2°)+ Sb2' 42"

Two's complement of N

Representation of zero:
adopted only clean zero:

bS
0" — 000...0.00...0
H’_/H_/

n m

Property:
By considering the negative weight for b, it is

obtained the effective value of the number N.

(3.2.6)

(3.2.7)

(3.2.8)

(3.2.9)

(3.2.10)

Proof:

N>0—N=0-(-2")+ $h2 =43 b2 }(3.2.11)

N<0—>N=1-(—2")+Zb_2' -

=1-(-2")+

n-1

D(-b R +2"=

\

>(3.2.12)




e Range of representation: 2.3.3 Variant 2

e b, = sign bit with the weight J,

»
»

+00 n—1 )
(N =0l Ll =20 2 \ e [N|]=>b2">b,,..bp,..b, (33.0)
—-m
— n m
— il i e, has positive weight + 2" 3.3.2)
positive ] Disance 0 =2 e General representation of + N
. L n-1 _ .
region m N =b,(2")+ > b2" =b (2")+N (3.3.3)
E . if N>0-—>b, =1 and the magnitude N is }(3.3.4)
\ N, = O|OO 000, 1=42" represented in direct code
e e . if N <0—b, =0 and the magnitude N is }3.3.5)
> 0 —>0|00~ .0.00...0 32.13) represented in two’s complement code
(N =1L 1=—2" -
| — — \*—J\ﬁ/—_J
[ ]| ! " e Therefore,
|| n-1 _
negative ] > +|N|—>1><2”+Zbi2'
region — -m
— 3.3.6)
|| n-1__
— > —|N|>0x2"+> b2 +27"
- -m
| [ Now =100...000...1=-2"-2") wosconplament
JP SPECIAL CODE 1\00? 0.00..0=-2" /
% e In case of fractional numbers, n=0:
. . -1 )
e The combination 1|00..n....0.00..n;...0 is used > +|N| 51.29 +Zbi2I
-m
(3.2.14) 33.7)

as a particular value giving the minimal negative number.

-1 )
> —N|>0-2°+> b2 +27"
Two's complement
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e To obtain the effective value of the number, an
additive correction is required by subtracting the

constant J, = 2",
. if N > 0 then

n—-1 n—1
N=1.2"+Y b2 —(2")=+> b2

. if N <0 then
N

N=0-2"+Y b2 +2"—(2")=

n-1
=>(1-p)2'+2"-2"=

:nz_lzi—nz_lbizwz—m—z“:

=2"-2™" —nibiz‘ +2"-2"=
=—nibi2i

2.3.4 Variant 3

e Two sign bits designated b, and b, with the following

weights:
»  Weight of b,=0,
» Weight of b]=2- 0,
e General representation for N(n,m):

N=bb,N" =b-2"" +b,-2" + N
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(3.3.8)

(3.3.9)

>(3.3.10)

3.4.1)

3.4.2)

(3.4.3)

o if N>0— b!=1, b,=0, N"is represented in direct
code 3.4.4)

n-1 )
> N=1.2"+0-2"+>"b2'

e if N<O— b/=0, b.=1, N is represented in two’s
complement code, N

n-1__

> N=0-2""+1-2"+> b2 +27" > (3.4.5)

Two's complement

e In case of fractional numbers, N =0:

Nj=32

> +|N|:1-2‘+0~2°+ibi2‘ > (3.4.6)

> —|N|=0-21+1-2°+iazi+2*m

Two's complement

To obtain the effective value of N it must be

subtracted the constant2""' representing (3.4.7)
the additive correction(%):

e N>0—1.2"+40.2" +nibi2‘ ~(2m)= +n21:bi2i}(3.4.8)



n-1__

N<0— N=0-2"+1.2"+> b2 +27" —( "+')\
n-1 )
:1.2”+Z(1_bi)2|+2—m_2n+1:
n-1 n—

=1-2"+) 2 —Zl“bizi +27" 2™ =

-m

n-1 .
=1:2"+2" 2" =Y p2'+27" 2™ =

———

(3.4.9)
n-1

=2-2"-> b2 -2" =
n-1 .

— 2n+1 _Zbizl _2n+l —

:—nibiz‘ )

Examples:

Given N,(3,3): \
IN|=101.001

Variant 1 of representation
+|N| = 0[t01.001
~IN|=1/010.111

Variant 2 of representation >(3.4.10)
+|N|=1[101.001
—|N|=0/010.111

Variant 3 of representation
+|N| = 10[101.001
—|N|=o01j010.111 )




8 2.4. One’s Complement Representation.

2.4.1. General considerations

— 3
e Nhm = N=2"-N-2"=2"-2")-N
e Additional weighted sign bit (bits) >(4. 1.1)
e Advantages, drawbacks.
In case of negative numbers it is used inverse
code (diminished radix code).
e Three variants: Variant 1, Variant 2, Variant 3. J
2.4.2. Variant 1
e N(n,m) N
n-1 .
o |N| =b, ,..bb,b...b =Zbi 2!
e N= b, |b . bbb (42
Sigfﬁbit magnitude bits
where the sign bit has the weight & 7/
n-1 _
e IfN>0 — bg=0, N =)b?2 )
_ X(4.2.3)
N=0|b, ,...D0bb, ... b . )
Lo N
o IfN<0—by =1, N" =) b-2'(I's complement)
_ %4.2.4)
where bi = 1 - bi
Then, N=1|b ,....... bbb, ... b,
e The weight of by is negative, 5, = (2" +2™") }(4.2.5)
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Example: N
IN|=101.1101
+|N|=0]101.1101 L (4.2.6)
—|N|=1]010.0010
<
If n =0, fractional numbers with bg in position 0 .
with 5, =—(2° -=27") (4.2.7)
-1 i
IN|=b_b_,....b_ =D b2 (4.2.8)
-1 .
> +|N|=0b,b,....b =0-2"+> b2 (4.2.9)
-1 ]
> —|N|=1b,b,..b =12+ >b -2 (4.2.10)
Two representations for 0:
» Positive zero: 0] 00.....0.00....0 }(4.2.11)
> Negative zero: 1| 11....11......1 }(4.2.12)
- ————
sign bit n m

Property:
By adopting the negative weight for by it is }(4.2'13)
obtained the effective value of the number N:

n-1 )
a)If N>0 — by =0, N"=>"b2'

- - (4.2.14)
N=0-2"+>b-2"=+> b -2
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n-1__

b)IFN<0 — bg=1,N"=>h -2
n-1

N:I(—2”+2’m)+z b 2" =

n-1
==2"4+2"+ > (1-b)-2' =

=-2"4+27" +ni“2i —nibi 2" =
-m n—l_m -
:_2n+ 2—m+2n_ 2—m __Zm:bi '2| =

:_nz_ibi .l

Range of representation:

Extreme values:
N;m =0|11..111...1=2"=-2""
n m

N =0[00...0.0.01 =+27"

N_ =1]1.11.1..10=-=2""

max

N, =1/0...00.0..00 = —(2" -27™)

1-22

>(4.2.15)

S (4.2.16)

e Representation on the real axis

N+

max

positive
region

N+

min

zero €—@( <

negative
region

N-

min

O]11....1.11....1 \

|

Distance=2™"

IA
8‘

f

0100....0.00...01

+0 — 0] 00....0.00...00
—-0—111...1.11...11

1[11....1.11...10

1] 00....0.00...0

1-23

(4.2.17)



2.4.3. Variant 2

N(n,m)

IN|=b, ....bbyb b =D b, -2 4.3.1)

[ )
>
o
*
(o)
(=Y
O
* |
- 3
‘ T
3 _
O
*
3

*
e N= b |b_
. ‘W-J B
sign bit magnitude bits

b, = the sign bit with positive weight 55 =+(2" -2™")

4.3.2)

H_J

n-1 )
o IfN>0-b =1, N =) b2 43.3)

(4.3.4)

Hence, b = bi ie[-m,(n-1)]

e Example:
IN|]=101.1101
+|N|=1]101.1101 43.5)
~|N|=0]010.0010

e (Case of fractional numbers

n:0—>|N|:ibi~2i 4.3.6)
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IfN>0—>b, =1

-1
and N"=>"b; -2’ g (4.3.7)

IfN<0—>b, =0 N

-1 _ .
and N :Zbi -2' (one’s complement) . (4.3.8)

-m

where b, =1-b, )
To obtain the effective value of the number an additive
correction ( #)is required:
¢=-2"-2"") } (4.3.9)

N, =b,2"-2"™)+N" +¢

n-1
a)If N>0—>bg=1and N"=>"b, -2
n-1 .
N, =1-2'-2™)+) -2 +(2'+2M)= (4.3.10)

=" +§: h-2-2"+2" =+§‘4 h-2'

n-1

b) IfN<0—bs =0andN" =" -2', \
—-m
where b, =1-D,

n-1__
Ny =0-(2"=27")+ > b2 +# =

:0+ni(1_bi).2i_zn+2-m: >(4.3.11)

-m
n-1 n-1 .

=0+ 2" =>p -2 -2"427" =
-m -m

n-1 n-1
:0+(2“—2*”‘)—Zmlbi 2l M4 :_,Zm:bi 20
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e Range of representation:

+ o0
A
N* 1|11....1.11....1:+(2”_Z*m)
positive] [
region Distance =27"
N+ —1—1]00...0.00..01 = +2"

min

+0 —1]00....0.00...00
Zero +“— <:
—0—>0]|11...1.11...11

N- Of1l...1.11...10==2""

negativ
region

min

000....0.00..0 = —(2" 27" )]

|
S«

1-26

(4.3.12)

2.4.4. Variant 3

Two weighted sign bits: bg and by with weights
o, and 0,

n-1 }
IfN>0—>b{=1b=0 andN"=> b -2' }
If N<O—b=0,b;=1
n-1__
andN" = Z b. -2 (one's complement),
where b =1-h (i e[-m,(n-1)])

The weights of sign bits:
& =2"
& =2"-2"

Example:
|N|=110011

+N|=10[110011
- N |=01]001.100

For fractional numbers n=0:

+|N|=10[b_b_,..b

~IN|=01]b_ b_,...b

|N|:ibi'2ia N =blbg [b b,....b., }(4.4.6)
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e To obtain the effective value of the number an additive

correction (%) is required:
%: _ (2n+1 _ Z—m)

N, =b(2"™" —2"™)+b, - 2"+ N”

e IfN>O0:

+ ¢

n-1 )
Ny =1-2™=2™)+0-2"+> b -2'+ &

n-1 )
=220+ b2 -

=+nz_1:bi 2!

e IfN<O

2n+1 +2—m —

n-1

Ny =0-(2™ =2M)+1.2"+ > b - 2"+ €=

n-1
=1-2"+> (1-b)-2' -

:1_2n+2n_2—m_2n+1

:2_2n_2n+1_nz_lbi _2i

2n+1 +2—m —
n-1 i
+27"=>b, -2

=2n+1 _2n+1 _nz_lbi .2i —

=_n§‘bi i
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(4.4.8)

> (4.4.9)

= >(4.4.10)

e Range of representation:

+
max

positive
region

N+

min

zero 90 <: ~0 - 01[11...1.11...11

10[11...1.11...1 > 2" =27" \

Distance=2"

N-

max

negative
region

\

min

|
S ¢

!

10100....0.00...01 —> +27"
+0—10100....0.00...00

01|11....1.11...10 » 27"

>(4.4.1 1)

01]00....0.00...0 > —(2" =27" )}
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82.5. Shifting of signed binary numbers

¢ In general:

N(n,m)

r = radix

N, =d, ,..dd,d,..d, = (5.1
=d, "t d o der® L T
+d_ -r™"

e Multiplying by r:
r-N,=r(d, ;-r" " +...+dy-r

+d,-r™)=

-m
The binary point between positions r®andr'is
placed between digits d_, and d_,, hence the number was
shifted to the left with one position.

¢ Dividing by r:
&:dn_l-r”‘2+dn_2-r Foet dy o1
r

+d,r?++d, or™t

The binary point was shifted between digits d; and
da, so that the number was shifted one position to the right. [ (5.5)

one position is derived, while after a division by 2 a right

e If I =2, then after a multiplication by 2 a left shifting with
(5.6)
shifting with one position is derived.

e By extending to r*:
r*.N, — left shifting of N, with k positions } (5.7)
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N, o : g
r — right shifting of N, with K positions } (5.8)

e Ifr=2, N,(n,m)

N,=b, 2" +..+b,-2°+b - 27" +...+b 27" } (5.9)
e After a multiplication by 2%

N, 2 =b, ,-2""-2“+...+Db, - 2" +b - 272"+ ...

+ b_m X 2—m+k —

ke - (5.10)
=b _,- 2"+ +b - 2+.+b, - 2°+b, 27"
+.+b 27
A left shifting of N, with k positions was derived. } (5.11)
e After a division by 2%
N, b, 2" +..b-2°+b, -2 +....+b 27" )
2 2" )
_ k-1 -k p-k-1
=b, 2" 40, 27 b 27T+ (5.12)
+b, 2" = ’
=b, 2" +.+b 2% +b 27 b 27
+ b—m . 2—m—k Y,
A right shifting of N, with k positions was derived. }(5.13)

e In case of signed binary numbers there are formulated the )
following 3 questions:
1. What happens to the sign bit in connection with
shifting. 7(5.14)
2. The direction of shifting.
3. The values of bits that are inputted after shifting.
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e The method of realizing the shift depends on the adopted

negative number representation code.
e For N > 0 the representations are identical
A) Multiplication by 2
I. by remains unchanged

II. one left shifting occurs
III. the new inputted bit is 0

B) Division by 2
I. by remains unchanged

II. aright shifting occurs

III. the new inputted bit is 0

e If N<O
I. For Sign Magnitude representation
A) Multiplication by 2
I. Dbg remains unchanged

II. aleft shifting occurs
III. the new inputted bit is 0

B) Division by 2
I. b, remains unchanged

II. aright shifting occurs
II. the new inputted bit is 0

II. For two’s complement representation
A) Multiplication by 2
I. bg remains unchanged

II. aleft shifting occurs
III. the new inputted bit is 0
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> (5.15)

L (5.16)

(5.17)

> (5.18)

>(5.19)

B) Division by 2

I. bgremains unchanged

II. aright shifting occurs (5.20)
II. the new inputted bit is 1

III. For one’s complement representation

A) Multiplication by 2

I. b, remains unchanged;

II. aleft shifting occurs; ~(5.21)

III. the new inputted bit is 1;

B) Division by 2

I. b, remains unchanged;

II. aleft shifting occurs; ~ (5.22)

III. the new inputted bit is 1;

e Examples
a) For positive numbers:

IN|=101.11

+N —>0][101.11
2-N —=0](1)011.10
22N —>0|(10)111.00

%—>0|910.11(1)

N
—= > 01001.01(11)

Observation:

(b)=the lost bit
b= the new bit

>(5.23)

~

> (5.24)

~
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b) For negative numbers:

1) Sign-Magnitude Code

IN|=101.11 \
-N=1]101.11
—2N =1|(1)011.10
~22N =1|(10)111.00 b (5.25)
—E:I|Q10.ll(l)
2
N
—2—2=1|(_)(_)1.01(11) )
2) Two’s Complement Code N
- N =1/010.01
—2N =1](0)100.10
—~2*N =1/(01)001.00 >(5.26)
—E=1|101.00(1)
2
N
—7=1]110.10(01) J
3) One’s Complement Code 3
—N=1{/010.00
—2N =1](0)100.01
—~2*N =1/(01)000.11 >(5.27)
—E=1\101.00(O)
2
N J

7=

- =5 =1/110.10(00)

1-34



